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ABSTRACT
It is believed that the relativistic jets of gamma-ray bursts (GRBs) should initially propagate through
a heavy envelope of the massive progenitor stars or through a merger ejecta formed from the compact
binary mergers. The interaction of a jet with a stellar envelope or a merger ejecta can lead to the
deceleration of the head material of the jet and simultaneously the formation of a hot cocoon. However,
this jet-envelope/ejecta interaction is actually undetectable with electromagnetic radiation and can
only be inferred indirectly by the structure of the breakout jet. Therefore, as a solution to this
phenomenon, we suggest that the jet-envelope/ejecta interaction can produce a gravitational-wave
(GW) memory of an amplitude of h ∼ 10−26 − 10−23, which could be detected with some future
GW detectors sensitive in the frequency range from sub-Hertz to several tens of Hertz. This provides
a potential direct way to probe the jet propagation and then the interior of the GRB progenitors.
Moreover, this method is in principle available even if the jet is finally chocked in the stellar envelope
or the merger ejecta.
Subject headings: gamma-ray bursts — gravitational waves — relativistic jets
1. INTRODUCTION
Relativistic jets can be driven by the central engines
of gamma-ray bursts (GRBs). Such jets should cross
through a dense medium and be collimated there be-
fore generating the GRB emission. Specifically, for long-
duration GRBs originating from the core collapses of
massive stars (Woosley 1993; Woosley & Heger 2006;
Galama et al. 1998; Stanek et al. 2003; Hjorth et al.
2003), the medium involved is just the heavy envelopes of
the massive progenitors. For short-duration GRBs cre-
ated by the mergers of compact binaries (Paczynski 1986;
Eichler et al. 1989; Narayan et al. 1992; Abbott et al.
2017), the dense medium surrounding the merger prod-
ucts can be contributed by various material ejections dur-
ing the mergers (see Shibata & Hotokezaka (2019) for a
review). The interaction between the GRB jet and the
envelope/ejecta can in principle provide plenty of infor-
mation about the density profile of the envelope/ejecta.
The uncovering of the interior of GRB progenitors is one
of the primary purposes of GRB research. Unfortunately,
this jet-envelope/ejecta interaction is in fact unobserv-
able only with electromagnetic waves, because the enve-
lope/ejecta is very opaque.
An indirect clue to the jet propagation could be found
from the structures of the observable jet and cocoon that
break out from the envelope/ejecta. Nevertheless, it is
not easy to infer these structures by using the usual ob-
servations of GRB prompt and afterglow emissions. Re-
cently, a very special opportunity had appeared in the
joint observation of the gravitational-wave (GW) event
GW170817 and the short GRB 170817A (Abbott et al.
2017; Goldstein et al. 2017). On the one hand, the GW
detection robustly indicated that the line of sight of this
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event significantly deviates from the normal direction of
the orbital plane of the merging binaries and thus devi-
ates from the symmetric axis of the GRB outflow. On
the other hand, tremendous interest has been success-
fully generated by the GW detection, leading to a very
wide campaign of follow-up observations. As a result,
the host galaxy, the associated kilonova, and the multi-
wavelength afterglow emissions of GRB 170817A have
been discovered subsequently and been monitored care-
fully and at length (Coulter et al. 2017; Hallinan et al.
2017; Troja et al. 2017). The prompt and afterglow emis-
sions strongly suggest that the jet of GRB 170817A
is highly structured. Its energy and velocity can de-
crease quickly with the increasing angle relative to the
jet axis, which leads to the extremely low luminosity of
GRB 170817A (Goldstein et al. 2017; Zhang et al. 2018).
Therefore, in principle, the jet structure can be con-
strained by the dependence of the GRB rates on their
luminosities, although which is very difficult because of
the high uncertainty of the intrinsic luminosity func-
tion of GRB jets (Gupte & Bartos 2018; Salafia et al.
2019; Tan & Yu 2019). More excitingly, for such an
off-axis observed GRB, the angular distributions of the
energy and Lorentz factor of the jet can even be di-
rectly derived from the afterglow light curves, because
the lasting increase of the afterglow fluxes is just due
to that the line of sight becoming closer and closer to
the core of the jet (Xiao et al. 2017; Mooley et al. 2018;
Granot et al. 2018; Lyman et al. 2018; Lazzati et al.
2018; Ioka & Nakamura 2018). As implied, the GRB
jet is very likely to consist of a relativistic narrow core
and a mildly relativistic wide-spreading wing. This jet
structure undoubtedly offers a stringent constraint on the
preceding interaction between the jet and the progenitor
material.
Despite the encouraging implications of the jet struc-
ture, it is still very open-ended whether we can probe
the jet-envelope/ejecta interaction more directly, in par-
2ticular, in the rapidly developing era of GW astronomy.
Recall that when a particle changes its velocity v by in-
teracting with other objects, the metric perturbation in-
duced by this particle, h ∼ 4GEβ2/(c4D), can change
correspondingly, where G is the gravitational constant,
E is the particle energy, β = v/c, c is the speed of light,
andD is the luminosity distance of the particle to the ob-
server. Consequently, a GW radiation can be generated
as a response to this metric change (Segalis & Ori 2001).
Such a GW signal arising from an unidirectional metric
variation (i.e., the metric perturbation does not return
to its original value) is strictly not a periodic “wave”
but instead is usually called as a “memory” (Sago et al.
2004). The characteristic frequency of a GW memory
is determined by the timescale of the velocity change.
Following this consideration, some authors have investi-
gated the GW memory generated by radiating GRB jets
(Sago et al. 2004; Akiba et al. 2013; Birnholtz & Piran
2013).
Note that the propagation of a GRB jet is just a last-
ing process of (i) the continuous launching of new jet
material from the central engine, (ii) the sharp deceler-
ation of the jet material at its head, and (iii) the accel-
eration and expansion of the envelope/ejecta material.
Therefore, a GW memory can be naturally expected to
arise from these velocity jump processes. If detected,
this GW memory can provide a direct probe of the jet-
envelope/ejecta interaction, which can potentially help
to determine the nature of the GRB progenitors. Ten-
tatively, this paper is devoted to calculating the char-
acteristic amplitude and frequency of the GW memory
arising from the jet propagation, by using some reference
density profiles for the envelope/ejecta material.
2. THE DYNAMICS OF JET PROPAGATION
The dynamics of a relativistic jet propagating in
an envelope/ejecta has been investigated widely by
using both analytical and numerical methods (Matzner
2003; Bromberg et al. 2011; Levinson & Begelman
2013; Nakauchi et al. 2013; Nagakura et al. 2014;
Bromberg et al. 2014; Bromberg & Tchekhovskoy
2016; Matsumoto & Kimura 2018; Geng et al. 2019;
Hamidani et al. 2019). When a relativistic jet propa-
gates into a medium, the collision between the jet and
the medium can lead to a forward shock sweeping up the
medium and a reverse shock accumulating jet material.
The region between these two shocks can be called as
the head of the jet. The hot material in the jet’s head
flows quickly and laterally to form a cocoon surrounding
the jet. Then, the high pressure of the cocoon can drive
a collimation shock in the jet material toward the jet
axis. As a result, the jet can be gradually collimated
until it breaks out from the medium.
Following the above considerations, the velocity of a jet
head can be determined by balancing the ram pressures
of the forward-shocked envelope/ejecta and the reverse-
shocked jet (Matzner 2003; Matsumoto & Kimura 2018):
βh =
βjL˜
1/2 + βe
L˜1/2 + 1
(1)
with L˜ ≃ Lj/(ΣjρeΓ
2
ec
3), where βj ≃ 1, Lj, and Σj are
the velocity, one-sided luminosity, and cross section of
the unshocked jet, respectively, and ρe, βe, and Γe are
the density, velocity, and Lorentz factor of the circum-
material (i.e., the envelope/ejecta material), respectively.
The cross section of the jet can be calculated easily by
Σj = πθ
2
j0z
2
h, (2)
if the jet collimation due to the cocoon pressure is weak
and the jet keeps conical, where θj0 is the initial open-
ing angle of the jet at launch and zh =
∫ t
0
βhcdt
′ is the
height of the jet head. Here the time t is defined in
the local rest frame. Nevertheless, in fact, the colli-
mation effect is significant, once the jet height exceeds
a critical point at zˆ ≈ (Lj/πcPc)
1/2 where the colli-
mation shock converges. The expression of zˆ can be
derived from the geometry equation of the collimation
shock front (Komissarov, & Falle 1997; Bromberg et al.
2011), where Pc is the ram pressure in the cocoon. Due
to the collimation, the jet cross section should be deter-
mined alternatively by (Bromberg et al. 2011)
Σj = πθ
2
j0
(
zˆ
2
)2
≃
θ2j0Lj
4cPc
, (3)
where a height of zˆ/2 is used because at this point the
jet shape starts to be transformed from conical to cylin-
drical. More specifically, at zˆ/2, the collimation shock
becomes roughly parallel to the jet axis. In the following
calculations, we use the smaller value by comparing Eqs.
(2) and (3).
The pressure in the cocoon can be estimated by Pc =
Ec/(3Vc), by assuming it is radiation-dominated, where
Ec is the total energy stored in the cocoon and Vc is
the volume. By considering of the continuous energy
injection from the jet head, the cocoon energy can be
calculated by
Ec =
∫ t
0
Lj (1− βh) dt
′. (4)
The radius of the cross section of the cocoon is given
by rc =
∫ t
0
βc,⊥cdt
′, where the lateral expansion velocity
reads βc,⊥ = [Pc/ρ¯e(zh)c
2]1/2 (Begelman & Cioffi 1989)
and ρ¯e =
∫
ρe(z)dV/Vc is the average density of the co-
coon. The volume of the cocoon can be estimated by
Vc = πr
2
czh by simply assuming a cylindrical shape.
The density profile of the circum-material can be usu-
ally described approximately by a power law. To be spe-
cific, for long GRBs, we use
ρe(z) = ρe,∗
(
1 +
z
z∗
)−δ
, for z ≤ zs (5)
with ρe,∗ = 2.4 × 10
9g cm−3, z∗ = 10
8 cm, δ = 3.5,
and zs = 10
11 cm, which correspond to a Wolf-Rayet
star of a mass of 15M⊙ (Suwa & Ioka 2011). Here the
stellar envelope is considered to be static with βe = 0,
by ignoring the relatively slow supernova expansion. For
short GRBs, according to numerical simulations of bi-
nary neutron star mergers (Hotokezaka et al. 2013), the
density profile of the merger ejecta can be written as
ρe(z) =
(3 − δ)Mej
4πz3min
[
1−
(
zmax
zmin
)3−δ]−1(
z
zmin
)−δ
,
for zmin ≤ z ≤ zmax,(6)
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Fig. 1.— Evolution of the head velocity of a relativistic jet for different luminosities, i.e., Lj = 10
49, 1050, 1051, and 1052erg s−1 from
bottom to top. The other parameters are described in the text. The left and right panels correspond to long and short GRBs, respectively.
The thick points represent the breakout of the jet.
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Fig. 2.— Evolution of the opening angles of the jet head (solid) and the cocoon (dashed) relative to the central engine.
where Mej = 0.01M⊙ is the total mass of the ejecta, δ =
3.5, and zmax = ve,maxt and zmin = ve,mint are given for
ve,max = 0.4c and ve,min = 0.1c (Nagakura et al. 2014).
As addressed, the dynamical evolution of the jet prop-
agation is primarily dependent on the numerical ratio
between the energy flux of the jet and the density of the
circum-material. Therefore, in our calculations, we only
take some reference density profiles and fix the initial
opening angle to be θj0 = 10
◦, while the value of Lj is
varied within a wide range of 1049 − 1052erg s−1. Addi-
tionally, the luminosity is considered to not evolve with
time. Then, we plot the velocity evolution of the jet head
in Figure 1, for different jet luminosities. Meanwhile, we
also plot in Figure 2 the evolution of the opening angles
of the jet head and the cocoon relative to the central
engine, which are defined as
θh =
(
Σj
πz2h
)1/2
, (7)
and
θc =
rc
zh
, (8)
respectively. These angle variations reflect the degree of
the jet collimation. It is shown that the edge of the jet
is squeezed by the cocoon significantly and thus the jet
material is pushed and accelerated. For both long and
short GRBs, the higher the jet luminosity, the higher the
head velocity and the shorter the time of the jet breakout
tbo.
3. THE GW MEMORY FROM A PROPAGATING JET
The metric perturbation hµν = gµν − ηµν induced by
a point mass m of a four-velocity uµ(τ) = γc(1, ~β) can
be solved from the following linearized Einstein equa-
tion (under the Lorentz gauge condition) (Segalis & Ori
2001): (
−
1
c2
∂2
∂t2
+△
)
h¯µν = −16πGTµν (9)
with the energy-momentum tensor
T µν(x) =
∫
muµ(τ)uν(τ)δ(4)[x− x(τ)]dτ, (10)
where h¯µν ≡ hµν−
1
2ηµνh
λ
λ, ηµν = (−1,+1,+1,+1) is the
Minkowski metric, and τ is the proper time. By setting
the z−axis at the velocity direction and transforming hµν
from the Lorentz gauge to the transverse-traceless (TT)
gauge, the TT parts of hij read (Segalis & Ori 2001;
Sago et al. 2004; Akiba et al. 2013)
h+ ≡ h
TT
xx =−h
TT
yy =
2GE
c4D
β2 sin2 ϑ
1− β cosϑ
cos 2ϕ, (11)
h× ≡ h
TT
xy =h
TT
yx =
2GE
c4D
β2 sin2 ϑ
1− β cosϑ
sin 2ϕ, (12)
4which are useful for calculating the response of a GW
detector. Here a general expression of energy E is used
to replace the original term γmc2, in order to take into
account the metric perturbation induced by a hot moving
material, e.g., shocked material.
In each second, an amount of new energy Lj can be
supplied to a relativistic GRB jet by a central engine.
This new energy is of course initially injected into the
base of the jet. However, in a quasi-static case, the net
effect of the energy injection can well be reflected by the
prolongation of the jet at its top. Therefore, we consider
that this energy to be effectively confined in a solid angle
of Ωh = 2π(1−cos θh). Simultaneously, in a unit solid an-
gle, an amount of energy E˙c/Ωh can be transferred from
the jet to the head region through the reverse shock. This
energy is subsequently shared by the shocked jet mate-
rial and the shocked medium together, both of which can
finally spread into a solid angle of Ωc = 2π(1 − cos θc).
Then, according to Equations (11) and (12), the change
rate of the GW memory contributed by a differential jet
and cocoon can be written as
dh˙(ϑ)
dΩ
=


2G
c4D
(
Lj−E˙c
Ωh
sin2 ϑ
1−cosϑ +
E˙c
Ωc
β2h sin
2 ϑ
1−βh cosϑ
)
, for θ ≤ θh,
2GE˙c
c4DΩc
β2c sin
2 ϑ
1−βc cosϑ
, for θh < θ ≤ θc,
(13)
where the spherical coordinates (θ, φ) are defined by set-
ting the z−axis at the symmetric axis of the jet. The
net velocity of the cocoon, βc, is considered to be com-
parable to the head velocity and much higher than the
cocoon’s lateral expansion velocity, i.e., βc,⊥ ≪ βc ∼ βh.
Strictly speaking, βc could be somewhat lower than βh
and even be reversed, because backflows could appear in
the cocoon. In any case, as long as βc is sub-relativistic
and especially we have Ωc ≫ Ωh, the contribution to
the memory radiation from the cocoon could always be
subordinate to that from the relativistic jet.
The temporally accumulated amplitude of the GW
memory can be calculated by the following integral:
h(t) =
√[∫ t
0
h˙+(t′)dt′
]2
+
[∫ t
0
h˙×(t′)dt′
]2
. (14)
with
h˙+(t)=
∫ 2pi
0
∫ θc
0
dh˙(ϑ)
dΩ
cos 2ϕ sin θdθdφ, (15)
h˙×(t)=
∫ 2pi
0
∫ θc
0
dh˙(ϑ)
dΩ
sin 2ϕ sin θdθdφ. (16)
For a viewing angle θv relative to the jet axis, the re-
lationship between (ϑ, ϕ) and (θ, φ) can be written as
(Akiba et al. 2013)
sinϑ cosϕ=− sin θv cos θ + cos θv sin θ cosφ, (17)
sinϑ sinϕ=sin θ sinφ, (18)
cosϑ=cos θv cos θ + sin θv sin θ cosφ. (19)
As long as the viewing angle θv ≫ θh, it can be found
that the integrated memory amplitude as a function of t
can be simply approximated by
h(t) ≈
2GLjβht
c4D
sin2 θv
1− cos θv
∝ βht, (20)
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Fig. 3.— Increasing amplitude of the GW memory due to a jet
propagation. The solid and dashed lines correspond to long and
short GRBs, respectively. A viewing angle of θv = 15◦ is taken.
The distances of the short and long GRBs are taken as 50 and 130
Mpc, respectively.
if the viewing angle θv is not too small. This clearly in-
dicates that the increase of the memory amplitude can
basically trace the dynamical evolution of the jet prop-
agation. Therefore, the detection of the GW memory
can help us to shed light into the jet propagation occur-
ring in GRB progenitors. It is worth mentioning that, in
the frame of observers, the interval between the arriving
times of GW memory signals should be defined by
dtobs = dt (1− βh cos θv) . (21)
This treatment is the same as that adopted for GRB af-
terglow calculations. On the contrary, for GRB prompt
emission and its consequent GW memory, the observer’s
time is equivalent to the local time, since the internal dis-
sipation radius of a GRB jet is considered to be nearly
stationary. In principle, the metric perturbation can also
arise from the encounter jet, which can somewhat elim-
inate the contribution from the oncoming jet considered
above. However, according to Equation (20), the mem-
ory amplitude caused by the encounter jet should always
be suppressed by a factor of about (1−cos θv)/(1+cos θv)
in comparison to the oncoming jet. Therefore, the contri-
bution from the encounter jet can be roughly neglected.
For a viewing angle of θv = 15
◦, in Figure 3 we
present the increasing amplitudes of the GW memory
of a propagating jet for different luminosities, where the
distances of D ∼ 130 Mpc and ∼ 50 Mpc are taken for
long and short GRBs, respectively. These reference dis-
tances are adopted by requiring that at least one GRB
could happen in one year within these distances. In the
near universe where the memory can be detected, we
can roughly take the local event rates of long and short
GRBs as ∼ 100 Gpc−3yr−1 (Wanderman, & Piran 2010;
Cao et al. 2011) and ∼ 1500 Gpc−3yr−1 (Abbott et al.
2017), respectively. These event rates are not discounted
by the beaming effect, because the GW memory radia-
tion is anti-beamed (Sago et al. 2004; Akiba et al. 2013;
Birnholtz & Piran 2013) and cannot be obstructed by
the circum-medium. On the contrary, the electromag-
netic emission from a relativistic jet should be highly
beamed within an angle of θ ∼ Γ−1j . Therefore, the de-
tection probability of the GWmemory can in principle be
much higher than that of its associated GRB emission.
More importantly, the GW memory can always be de-
tectable even though the jet is completely choked by the
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Fig. 4.— Characteristic amplitude of the GW memory as a func-
tion of the GW frequency. The solid and dashed lines correspond
to long and short GRBs, respectively. The dotted lines give the
noise amplitude of the GW detectors as labeled.
circum-medium. Note that the adopted short GRB rate
has already included nearly all contributions from the
mergers of neutron stars, whereas the long GRB rate only
takes into account cases with a successfully jet breakout
jet. Therefore, by considering of the potentially larger
number of choked long GRBs, the reference distance for
them could be much smaller. This is obviously beneficial
for detecting GW memory from long GRBs.
For a comparison with the noise amplitude of some
GW detectors, we calculate the characteristic amplitude
of the GW memory by
hc(f) = 2f |h˜| ≡ 2f
∣∣∣∣
∫ ∞
−∞
h(tobs)e
i2piftobsdtobs
∣∣∣∣ , (22)
where f is the GW frequency. The obtained results are
presented in Figure 4. Here, limited by the resolution of
the Fast Fourier transform that we use, these amplitude
lines could only provide the envelope of rapidly oscillat-
ing lines, where many oscillations could not be shown
in detail. In any case, it is showed that the charac-
teristic frequencies of the GW memories are primarily
around sub-Hertz for long GRBs and several to serval
tens of Hertz for short GRBs, which are directly deter-
mined by the timescales of the jet breakout. In Figure 4,
the noise amplitudes of the GW detectors are defined by
hn(f) = [5fSh(f)]
1/2 as in Sago et al. (2004). The ex-
pressions of the spectral density of the strain noise Sh(f)
for aLIGO, LISA, and DECIGO/BBO, as well as its ul-
timate value, are taken from Finn & Thorne (2000) and
Seto et al. (2001). In comparison, we find that the GW
memories due to the jet propagation of long GRBs could
be promising targets for DECIGO/BBO at its ultimate
sensitivity, both in their characteristic amplitudes and
frequencies. On the contrary, those from short GRBs
could be difficult to be discovered with these GW detec-
tors.
After it breaks out from the progenitor material at the
local time of tbo, the relativistic jet can be decoupled with
the cocoon and move freely at a high Lorentz factor of Γj.
Here, if the jet launching continues, the memory ampli-
tude could finally increase to ∼ 2GLj(βhtbo +∆T )/c
4D,
where ∆T is the GRB prompt duration, which is con-
sidered to be not very different from tbo. In any case,
according to Equation (21), the memory radiation dur-
ing this period would be detected within a very short
timescale of ∆T/2Γ2j and thus its characteristic frequency
is expected to be as high as ∼ 2Γ2j /∆T . This can be eas-
ily discriminated from the signals due to the jet-medium
interaction. Therefore, the slight growth of the mem-
ory amplitude after the jet breakout is neglected in the
calculations of Figure 4.
4. SUMMARY AND DISCUSSIONS
The GW memory from a relativistic GRB jet propa-
gating into a dense circum-material is investigated, where
the circum-medium specifically corresponds to a stellar
envelope or a merger ejecta. The characteristic frequency
and amplitude of the GWmemory are found to be poten-
tially detectable with the future GW detectors such as
DECIGO/BBO at its ultimate sensitivity, in particular
for long GRBs. The detection of these GW memories will
provide a potentially practical method for probing the in-
teriors of the GRB progenitors, because the characteris-
tic features of these memories are completely determined
by the energy release of the GRB engines and the propa-
gation dynamics of the relativistic jet (see Equation 20).
In principle, a relativistic jet has many opportunities to
be choked by the circum-material. Then, the GRB emis-
sion would be unexpected, other than a gamma-ray/X-
ray flash possibly arising from a hot cocoon. So, the
jet-progenitor interaction definitely cannot be inferred
by constraining the jet structure by using GRB observa-
tions. However, the GW memory due to the jet prop-
agation before the final quenching can still occur and
be detectable, although the metric perturbation will fi-
nally return to the initial value as the cocoon material
completely diffuses into the envelope/ejecta. Addition-
ally, for sufficiently small distances at which the memory
can be detected, a nearly isotropic supernova/kilonova
emission can still be expected to accompany with the
memory signal. Then, these optical transients can be
used to effectively localize and calibrate the memory sig-
nal. At the same time, the GW memory can conversely
help to identify the special origins of these optical tran-
sients, which are associated with a failed GRB. Addi-
tionally, note that the propagating GRB jets can also be
detected through high-energy neutrinos, which can be
produced by the internal and collimation shocks in the
jets (Horiuchi & Ando 2008; Kimura et al. 2018).
In summary, the GW detection in the frequency range
of ∼ 0.1− 100 Hz will definitely be helpful for extending
our knowledge of the GRB phenomena, in particular the
interiors of their different progenitors. However, tech-
nically, how to distinguish a GW memory signal from
the huge number of events received by the GW detec-
tors is still an open question. Then, a plausible solution
is to develop a data analysis method based on various
multi-messenger signals, which makes the electromag-
netic counterpart emissions indispensable.
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